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DERIVED COUNTERPARTS OF FUSION CATEGORIES OF QUANTUM
GROUPS
JUAN CAMILO ARIAS
Abstract. In this paper, we study derived versions of the fusion category associated to Lusztig’s
quantum group Uq. The categories that arise in this way are not semisimple but recovers the
usual fusion ring when passing to Grothendieck rings. On the derived level it turns out that it
is possible to define fusion for Uq without using the notion of tilting modules. Hence, we arrive
at a definition of the fusion ring that makes sense in any spherical category. We apply this new
definition to the small quantum group and we relate it with some rings appearing in [22].
1. Introduction
Let g be a semisimple finite dimensional complex Lie algebra and let Uq denote Lusztig’s version
of the quantized enveloping algebra at a root of unity q. Let U be the category of finite dimensional
integrable Uq-modules of type 1 and let T ⊂ U be the full subcategory of tilting modules. The
category T is self dual, closed under taking direct summands, finite direct sums and tensor prod-
ucts. We say that a tilting module is fusion if the highest weights of its indecomposable summands
belong to the principal alcove of g, in other case, if the highest weights of all its indecomposable
summands are outside the principal alcove we say that the module is negligible. We denote by N
and F the full subcategories of T whose objects are negligible and fusion tilting modules respec-
tively. The category N is a tensor ideal of the category T and F is a additive subcategory of T .
As an additive category, T ∼= F ⊕N .
The fusion category of Uq is defined as the quotient category T /N , where Obj(T /N ) = Obj(T )
and for any T1, T2 ∈ T , HomT /N (T1, T2) = HomT (T1, T2)/N (T1, T2), where N (T1, T2) is the sub-
group of morphisms form T1 to T2 that factors through N . Since N is a tensor ideal of T the
tensor product on T descends to a monoidal structure on T /N . As an additive category T /N
is canonically equivalent to F but in order to see the tensor structure it must be regarded as a
quotient category. The category T /N is a rigid C-linear tensor category. The fusion ring of the
category T /N is by definition the Grothendieck ring R = K0(T /N ). It is a free abelian group of
finite rank with basis in one to one correspondence with the irreducible fusion modules.
Denote by Kb(Add) the bounded homotopy category of an additive category Add and denote by
Db(Ab) the bounded derived category of an abelian category Ab. Crucial to us is the important ob-
servation of Beilinson-Bezrukavnikov-Mirkovic, [11], that the canonical functor γ : Kb(T )→ Db(U)
is an equivalence of categories. Our first object of study is the Verdier quotient Kb(T )/Kb(N ). We
notice that the canonical functor T → T /N ∼= F induces a functor Kb(T )/Kb(N ) → Kb(F). It
is not an equivalence of categories and Kb(T )/Kb(N ) is not a semisimple category. Nevertheless,
as we show in Proposition 3.8, the Grothendieck rings of the categories Kb(T )/Kb(N ) and T /N
are isomorphic.
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The equivalence γ : Kb(T ) → Db(U) induces an equivalence Kb(T )/Kb(N ) ∼= Db(U)/〈N〉,
where 〈N〉 ∼= γ(Kb(N )) is the triangulated subcategory of Db(U) generated by N . We show that
〈N〉 can be intrinsically described as the triangulated tensor ideal of Db(U) that is closed under
retracts and generated by modules with singular highest weights, see Theorem 3.7. With this
description, fusion rings can be defined without the notion of tilting modules, but it still depends
on specifics of representation theory such us highest weight vectors.
We would like to give a description of the fusion category that only depends on the spherical
structure. Let NU ⊂ U be the category of all negligible modules, that is, direct sums of indecom-
posable modules of quantum dimension 0. We consider the category Db(U)/〈NU 〉, where 〈NU 〉
is the smallest triangulated subcategory containing NU and closed under retracts. In section 3.3,
we explain that the relation of the Grothendieck group K0(D
b(U)/〈NU 〉) and the fusion ring R
strongly depends if the retracts of the category 〈NU 〉 are negligible or not. We characterize this
property in Proposition 6.7.
Because the latter expression for the Grotendieck group makes sense in any spherical category,
we suggest the following definition:
Definition. The fusion ring of an abelian spherical category S is K0(D
b(S)/〈NS〉) where NS is
the full subcategory of negligible objects in S, i.e., objects that are direct sums of indecomposable
modules of quantum dimension zero and 〈NS〉 is the smallest full triangulated subcategory that
contains NS and is closed under retracts and tensor products with arbitrary modules.
It would be interesting to calculate this ring for some spherical categories, for instance those
arising from the spherical Hopf algebras of [7]. In Proposition 6.8, we show that for the case of
the small quantum group uq of sl2 the retracts of the ideal 〈Nuq 〉 are all modules belonging to
Nuq . This allow us to calculate in Proposition 6.9, using the above definition, the fusion ring of
the small quantum group for the case of sl2 and show that it coincides with Lachowska’s ring V r
of [22]. Here V r stands for Verlinde algebra which is another name for the fusion ring. Lachowska
interprets V r as a quotient of the complexified Grothendieck ring of U and V r is essentially ob-
tained by basechanging V r to the complexified Grothendieck ring of the small quantum group.
Thus, Db(uq)/〈Nuq 〉 is, at least for sl2, a categorification of V r. It would be very interesting to
relate it with the other rings of Lachowska presented in [22].
In addition, we study the stable category S(U/N ). In order to define it we use Beligiannis’ theory
of stabilization of left triangulated categories, [12]. We first use an estimate based on the parabolic
KL-polynomials ([24]) to show that N is functorially finite, see Section 2.9. This implies that U/N
is a left triangulated category, which essentially means that there is an endofunctor (the so called
shift functor) of the category U/N , which may not be invertible and a class of left distinguished
triangles which satisfy similar axioms as the usual ones for a triangulated category. Formally
inverting the shift functor we obtain the triangulated category S(U/N ). By Belangiannis’ theory
this category is equivalent to K−,b(N )/Kb(N ) where K−,b(N ) is the full subcategory of K−(N )
whose objects are essentially N -acyclic, hence, have bounded cohomology. Thus, the canonical
functor K−,b(N )→ Db(U) induces a functor
S(U/N ) ∼= K−,b(N )/Kb(N )→ Db(U)/Kb(N ).
We show that (unless g = sl2 in which case, all negligible modules are projective) this functor is
not an equivalence of categories and the induced map on Grothendieck rings is surjective with a
non-trivial kernel. Therefore, the ring K0(S(U/N )) can be thought of as an enhancement of the
fusion ring R. It would be interesting to explicitly calculate it in some cases.
This paper is organized as follows: Section 2 provides background material. In Section 3, we study
the categories Kb(T )/Kb(N ) ∼= Db(U)/〈N〉 and Db(U)/〈NU 〉, and their Grothendieck rings. In
Section 4, we study the stable category S(U/N ). Finally, in Section 5, we study fusion rings of
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more general spherical categories and compute the fusion ring of the small quantum group of sl2
and begin the task of relating our work to that of Lachowska [22].
2. Preliminaries
In this section, we recall basic facts about quantum groups and tilting modules and we briefly
review Belangiannis’ theory of stabilization of left triangulated categories, [12].
2.1. Root datum. Let g be a finite dimensional semisimple complex Lie algebra. Let h ⊆ b be
a Cartan subalgebra contained in a Borel subalgebra of g. Let Φ denote the corresponding root
system and let ∆ = {αi; 1 ≤ i ≤ n} be the simple roots, so that the roots of b are positive.
Let Q ⊂ P ⊂ h∗ be the root lattice contained in the weight lattice. Let P+ denote the dominant
weights and let Q+ be the semigroup generated by ∆. We equip P with the partial order defined by
µ ≤ λ if and only if λ−µ ∈ Q+. For any root α ∈ Φ, we denote by α∨ =
2α
(α, α)
the corresponding
coroot, where (−,−) is the Killing form. We fix a non-negative integer ℓ which is prime to 3 if g
has components of type G2.
The (finite) Weyl group is denoted by W . It is generated by the reflections sγ : h
∗ → h∗,
sγ(λ) = λ− 〈λ, γ∨〉γ, through the hyperplanes Hγ = {x ∈ R⊗Z Q | 〈x, γ∨〉 = 0}, for γ ∈ Φ, where
〈λ, γ∨〉 = 2(λ, γ)/(γ, γ). The longest element in W is denoted by ω0.
For β ∈ Φ there exists w ∈ W such that β = w(αi) for some i = 1, . . . , n (Theorem 10.3 [20]).
We set ℓβ =
ℓ
g.c.d(ℓ, di)
, where the di’s satisfy the relation di〈αi, α∨j 〉 = dj〈αj , α
∨
i 〉, for i 6= j and
i, j = 1, . . . , n. The affine Weyl group Wℓ, is the group generated by the reflections sβ,r : P → P
through the affine hyperplanes Hβ,r = {x ∈ R⊗Z Q | 〈x+ ρ, β∨〉 = r}, r ∈ Z, defined for λ ∈ P as
sβ,r · λ = sβ · λ+ rℓββ = λ− 〈λ+ ρ, β
∨〉β + rℓββ
where sβ · λ = sβ(λ + ρ) − ρ is the dot action and ρ is the half sum of the positive roots. Wℓ is
isomorphic to the semidirect product of the Weyl group W and the translation group ℓZ∆, i.e.,
Wℓ ∼= W ⋉ ℓZ∆.
We denote the principal alcove by Cℓ = {λ ∈ P : 0 < 〈λ + ρ, α∨〉 < ℓα ∀α ∈ Φ+}, and its
closure by Cℓ = {λ ∈ P : 0 ≤ 〈λ+ ρ, α∨〉 ≤ ℓα ∀α ∈ Φ+}.
2.2. Quantized universal enveloping algebras. We follow the notations of [18]. Let v be an
indeterminate, A := Z[v, v−1] the Laurent polynomials with coefficients in Z and Q(v) its quotient
field. The quantized universal enveloping algebra Uv of the Lie algebra g is the associative algebra
over Q(v) with generators Ei = Eαi , Fi = Fαi and Ki = Kαi , for αi ∈ ∆, subject to the relations:
KiKj = KjKi, KiK−i = K0 = 1
KjEiK−j = v
di〈αj ,α
∨
i 〉Ei, KjFiK−j = v
−di〈αj ,α
∨
i 〉Fi
EiFj − FjEi = δij
Ki −K−i
vdi − v−di
and certain quantum Serre relations that we do not recall here (δij stands for the Kronecker delta).
The algebra Uv has a Hopf algebra structure, see [18] for details.
Lusztig’s integral form UA is the A-subalgebra of Uv generated by the divided powers E
(N)
i =
ENi /[N ]!, F
(N)
i = F
N
i /[N ]!, Ki and K
−1
i for 1 ≤ i ≤ n and N ≥ 0. Thus, multiplication gives an
isomorphism UA⊗AQ(v) ∼= Uv.
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Let U0A the A-subalgebra generated by Ki, K
−1
i and the symbols[
Ki; c
r
]
vi
=
r∏
s=1
Kiv
c+1−s
i −K
−1
i v
s−1−c
i
vsi − v
−s
i
for all i = 1, 2, . . . , n, c ∈ Z and r ∈ N.
We fix from now on a primitive ℓth-root of unity q ∈ C. We consider the field of complex
numbers C as an A-module using the homomorphism A → C, v 7→ q. We define Lusztig’s quantum
group at a root of unity q as,
Uq := UA⊗AC.
The algebra Uq inherits a Hopf algebra structure from Uv. We define Hopf subalgebra U
0
q by
U
0
A⊗AC.
2.3. Categories of integrable Uq-modules. Let M be an UA-module. For a complex valued
character λ on U0q let M
λ denote the corresponding weight space. M is called integrable of type
1, if M is the direct sum of its weight spaces and for all x ∈ M there exists rx > 0 such that
E
(r)
i x = F
(r)
i x = 0, 1 ≤ i ≤ n, r ≥ rx. The latter condition automatically holds if M is finite
dimensional. We will denote the category of all integrable type 1 Uq-modules by U int.
Let U ⊂ U int be the full subcategory of finite dimensional modules. For M ∈ U define the dual
M∗ = HomC(M,C) with the action (uf)(m) = f(ω(S(u))x), for f ∈ HomC(M,C), u ∈ Uq and
m ∈M . Here S denotes the antipode of Uq and ω : Uq → Uq is the Cartan involution, see Lemma
4.6 of [21]. Note that M and M∗ have the same formal character.
Let ∆(λ) denote the standard or Weyl module of highest weight λ and let ∇(λ) = ∆(λ)∗, the
costandard module. Let L(λ) denote the unique irreducible quotient of ∆(λ). The category U
has enough projectives and enough injectives. Moreover injective and projective modules coin-
cide. Let I(λ) (resp. P (λ)) denote the injective hull (resp. projective cover) of L(λ). Note that
L(λ) ∼= L(λ)∗ and P (λ) ∼= P (λ)∗ ∼= I(λ) ∼= I(λ)∗. There is the Steinberg module St := ∆((ℓ− 1)ρ).
It is irreducible, self dual and projective.
Two weights µ, λ ∈ P are said to be linked if µ ∈Wℓ · λ. Let Uλ be the subcategory of U whose
objects have composition factors L(µ) for µ linked to λ. By the linkage principle (Theorem 4.3 and
Corollary 4.4 in [2]) we have the orthogonal decomposition U = ⊕λ∈P/WℓU
λ. In particular, any
indecomposable module belongs to Uλ for some λ. We have ∆(λ),∇(λ), L(λ), P (λ), I(λ) ∈ Uλ.
2.4. Tilting modules. Let M be a finite dimensional Uq-module. M has a standard (resp. co-
standard) filtration if there exists a chain of submodules 0 = V0 ⊂ V1 ⊂ · · · ⊂ Vp−1 ⊂ Vp = M
such that Vr/Vr−1 ∼= ∆(λr) (resp. Vr/Vr−1 ∼= ∇(λr)) for some λr ∈ P+ and r = 1, . . . , p. It is
well known that ExtiU (∆(λ),∇(µ)) = 0, for all λ, µ and i > 0, [1]. From this it follows that if M
admits a standard filtration andM ′ admits a costandard filtration then, ExtiU(M,M
′) = 0 for i > 0.
Definition 2.1. A finite dimensional Uq-module is called tilting if it has a standard filtration and
a costandard filtration.
A standard module is tilting if and only if it is irreducible. In particular, standard modules with
highest weight in the principal alcove are tilting.
Let T denote the full subcategory of U whose objects the tilting modules. By the above, all
higher extensions between tilting modules (calculated in U) vanishes. Tilting modules are self-dual
and they are closed under taking direct summands, finite direct sums and tensor products. The
last fact is rather deep, see [1] and references therein. By Theorem 2.5 of [1], for any dominant
weight λ there exists a unique up to isomorphisms indecomposable tilting module T (λ) ∈ Uλ. All
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tilting modules are isomorphic to direct sums of such in a unique way up to permutations of factors.
Thus, by the linkage principle there is a block decomposition T = ⊕λ∈P/WℓT
λ where T λ = Uλ∩T .
For λ ∈ P+, write λ = λ0 + ℓλ1, where 0 ≤ 〈λ0, α∨i 〉 < ℓ for all simple roots αi. Put λ :=
2(ℓ− 1)ρ+w0λ0 + ℓλ1. Then I(λ) = T (λ). In particular, any injective module is tilting. It is also
known that any injective module is isomorphic to a direct summand in St ⊗ T for certain tilting
module T , see Theorem 9.12 in [5].
2.5. The Fusion category. A fusion category is a rigid semisimple C-linear monoidal category
with finitely many isomorphism classes of simple objects, such that the unit object is indecompos-
able. We recall here the construction of the fusion category associated to the quantum group Uq,
[3].
For M ∈ U and f ∈ EndU (M), let Trq(f) := Tr(K2ρf) its quantum trace, where K2ρ =∏
β∈Φ+ Kβ and Tr is the usual trace of a C-linear endomorphism. The quantum dimension of M
is dimq(M) := Trq(1M ).
A module M ∈ U is negligible if Trq(f) = 0 for any f ∈ EndU(M). An indecomposable module
is negligible if and only if its quantum dimension is 0. Hence, M is negligible if and only if the
quantum dimension of all its indecomposable direct summands is 0. We denote by NU ⊂ U the
full subcategory of negligible modules. The category NU is a tensor ideal in U . It is known that
∆(λ) ∈ NU if and only if λ is a ℓ-singular weight, equivalently 〈λ+ ρ, β∨〉 is divisible by ℓ for some
positive root β.
Let N = NU ∩ T ⊂ T denote the full subcategory of negligible tilting modules. The category
N is a tensor ideal in T . It is known that T (λ) ∈ N if and only if λ /∈ Cℓ. All injective modules
are negligible tilting modules. Unless g = sl2 there are negligible tilting modules which are not
injective.
For λ ∈ Cℓ we have T (λ) = ∆(λ) = L(λ). We refer to such a T (λ) as an irreducible fusion
module. A fusion module is a module isomorphic to a direct sum of such. Let F be the full
subcategory of T whose objects are fusion modules. Thus, F is a semi-simple abelian category. A
non-zero map between fusion modules cannot factor through a negligible tilting module.
Any T ∈ T is non-canonically isomorphic to a direct sum F ⊕ N , for F ∈ F and N ∈ N .
However, there is a way to construct the fusion part of T canonically. It goes as follows, see [18]
Proposition 11.3.18: Let T∨ ⊂ T be the maximal submodule of T belonging to F and let T∧ be
the maximal quotient of T belonging to F . Denote by TF the image of T∨ under the projection
T → T∧. Then TF is isomorphic to the fusion part of T and the assignment T 7→ TF defines a
functor
(2.1) ( )F : T → F
whose kernel is N .
The category F is not closed under the tensor products of representations. Hence, since the
tensor product of two representations of F is a tilting module, we equip F with the monoidal
structure given by the reduced tensor product
F1⊗F2 := (F1 ⊗ F2)
F .
The category F with ⊗ is a fusion category and the fusion ring R is by definition the Grothendieck
ring K0(F).
The fusion category can also be thought of as a quotient. Consider the quotient category T /N
(see the introduction for its definition). Since N is a tensor ideal of T the tensor product on T
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descends to a monoidal structure (again called tensor product) on T /N . Note that the composition
F → T → T /N is an equivalence of additive categories which induces a monoidal structure on
the category F . This monoidal structure is equivalent to the one given by ⊗.
2.6. Verdier quotients and Grothendieck groups of triangulated categories. Let C and
D be triangulated categories and F : C → D a triangulated functor. The kernel of F is the full
subcategory kerF of C whose objects maps to objects in D isomorphic to zero. Note that kerF
contains all the direct summands of its objects. In general, we say that a subcategory E of C is
thick or closed under retracts, if it is triangulated and it contains all direct summands of its objects.
Given a triangulated category D and a triangulated subcategory C (not necessarily thick) there
exists a triangulated category D/C, and a triangulated functor Funiv : D → D/C so that C is
in the kernel of Funiv , and Funiv is universal with the property: If Q is a triangulated category
and F : D → Q is a triangulated functor whose kernel contains C, then it factors uniquely as
F = Q ◦ Funiv where Q : D/C → Q, see Theorem 2.1.8 [23]. The quotient category D/C is called
Verdier quotient of D by C and the map Funiv : D → D/C is called Verdier localization map.
We denote by K0(D) the grothendieck group of a triangulated category D. By definition, it
is the free abelian group generated by isoclasses of indecomposable objects (denoted by [M ] for
M an object of D) and they satisfy [M ] + [N ] = [P ] for any three objects that fit into a dis-
tinguished triangle N → P → M →+1. For an abelian category A, K0(A) is defined in the
same way just replacing triangle by short exact sequence. For an additive category C, we define
the split Grothendieck group K0(C,⊕) with relations given by split short exact sequences. If the
category has a monoidal structure, the Grothendieck group becomes a ring under the product
[A][B] = [A⊗B] for any two objects A,B in the cateogry.
It is well known that for an abelian (resp. additive) category A we have isomorphisms K0(A) ∼=
K0(D
b(A)) (resp. K0(A,⊕) ∼= K0(Kb(A))) where Db(A) (resp. Kb(A)) denotes the bounded
derived (resp. homotopy) category of A. Moreover, If D is a triangulated category and C is a thick
triangulated subcategory, we can compute the Grothendieck group of the Verdier quotient D/C
using the following exact sequence
K0(C) // K0(D) // K0(D/C) // 0
We emphasize that if C is not a thick triangulated category the above sequence is not exact in
general.
We fix the following notation for the rest of the paper: For an abelian monoidal category A and
a full subcategory I of A we will denote by Trg(I) the full triangulated subcategory of Db(A)
generated by the objects of I and we will denote by 〈I〉 the smallest full triangulated subcategory
of Db(A) that contains I and is closed under retracts and tensor products with arbitrary modules.
2.7. The Beilinson-Bezrukavnikov-Mircovic equivalence Db(U) ∼= Kb(T ). In [11] an equiv-
alence between the bounded homotopy category of tilting modules and the bounded derived cat-
egory of all modules was constructed in the geometric context where modules are replaced by
perverse sheaves on a flag manifold. It is easy and well-known how to translate the results of [11]
into the context of quantum groups. Since we couldn’t find a reference in the literature we sketch
a proof.
Theorem 2.2. The functor γ : Kb(T )→ Db(U) induced by inclusion T → U is an equivalence of
triangulated monoidal categories.
Proof. It is obvious that γ is a monoidal functor. Since there are no higher extensions between
tilting modules and since Kb(T ) is generated by tilting modules as a triangulated category it fol-
lows that γ is fully faithful.
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We show that γ is essentially surjective. Let D be the subcategory of Db(U) (classically)
generated by the tilting modules. Since γ is fully faithful it suffices to show that D = Db(U).
For λ ∈ P+, let n(λ) denote the number of µ ∈ Q+ such that λ − µ ∈ P+. By [20] Lemma B
13.2 n(λ) < ∞. We prove by induction on the number n(λ) that all the simple modules belongs
to D. If n(λ) = 0, then L(λ) = ∆(λ) = T (λ) ∈ D. Assume n(λ) 6= 0 and that the result is
true for any µ ∈ P+ such that n(µ) < n(λ). By construction of T (λ), ∆(λ) is a submodule of
it and T (λ) admits a filtration with sub-quotients ∆(µ) for µ < λ. Also, L(λ) is a quotient of
∆(λ) and Ker(∆(λ) → L(λ)) admits a filtration with sub-quotients L(µ), for µ < λ. In both
cases, n(µ) < n(λ), it follows by induction on the weights that appear in the standard filtration of
T (λ) that ∆(λ) ∈ D and so, using the composition series for ∆(λ) we conclude by induction that
L(λ) ∈ D. Hence D = Db(U). ✷
Corollary 2.3. Any bounded acyclic complex of tilting modules is contractible.
✷
The following result was proved in [15] using the Balmer spectrum of a triangulated category.
Although it is not strictly needed in this paper we opted to include it since it illustrates very
well the usefulness of Theorem 2.2. Given a monoidal category K and an object M ∈ K, let
TensorK(M) be the thick tensor ideal whose objects are direct summands in M ⊗N , N ∈ K.
Corollary 2.4 ([15], 8.2.1 (a)). Let λ ∈ P+. Then TensorT (T (λ)) = TensorU(T (λ)) ∩ T
Proof. Let V ∈ U and assume that T (λ)⊗V ∈ TensorU(T (λ))∩T . We must prove that T (λ)⊗V
belongs to TensorT (T (λ)). By Theorem 2.2 there exist a complex TV ∈ Kb(T ) such that TV ∼= V
inDb(U). The complex T (λ)⊗TV is isomorphic to T (λ)⊗V inDb(U). By hypothesis, T (λ)⊗V ∈ T ;
hence, again by Theorem 2.2, it follows that T (λ)⊗ TV is homotopy equivalent to T (λ)⊗ V . This
fact has the following consequences: First, since T (λ)⊗TV is bounded and homotopy equivalent to
a complex concentrated in degree 0 a simple induction shows that T (λ)⊗TV is homotopy equivalent
to a subcomplex which is termwise a direct summand in it and has trivial differential. Second, we
conclude that T (λ)⊗V is homotopy equivalent to that subcomplex and since the latter has trivial
differential this now implies that the module T (λ) ⊗ V is isomorphic to a direct summand in its
degree 0 component. Thus T (λ)⊗ V is a direct summand in T (λ)⊗ T 0V . ✷
2.8. Left triangulated categories and stabilization. We recall the notions of a left triangu-
lated category and its stabilization, see [14]. A left triangulated category C consists of an additive
category C, an endofunctor Ω : C → C, called the shift functor and a collection of sequences of
morphisms
ΩC
f
// A
g
// B
h
// C
called left triangles (and abbreviated (A,B,C, f, g, h)). These data are subject to the axioms
LTR1-LTR5 which can be found in [14], definition 2.2. Loosely speaking, a left triangulated cat-
egory satisfies the axioms of a triangulated category with the exception that the shift functor
need not be invertible. There is also the notion of triangulated functor between left triangulated
categories, this is a functor which sends left triangles to left triangles. Because any triangulated
category is left triangulated we can consider triangulated functors between left triangulated and
triangulated categories.
To any left triangulated category C one can associate a triangulated category S(C) called its stabi-
lization by formally inverting the shift functor. The objects of S(C) are pairs (A, n) whereA ∈ C and
n ∈ Z, morphisms are given by HomS(C)((A, n), (B,m)) = colim
k≥max{n,m}
HomC(Ω
k−n(A),Ωk−m(B)).
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The category S(C) is endowed with a triangulated functor S : C → S(C) such that for any trian-
gulated category D and any triangulated functor F : C → D, there exist a unique triangulated
functor F ⋆ : S(C)→ D such that F ⋆S = F .
2.9. Contravariantly finite subcategories. Let A be an abelian category and let Y be a full
additive subcategory of A closed under retracts. A morphism A→ B in A is called Y-epic if any
morphism Y → B, for Y ∈ Y, factors through Y → A. A morphism χA : Y → A of A, with
Y ∈ Y, is called an Y-cover if χA is a Y-epic. The subcategory Y is said to be contravariantly
finite subcategory of A if every object of A has a Y-cover. The notion dual to that of Y-cover is
a Y-hull and the notion dual to that of a contravariantly finite subcategory is covariantly finite
subcategory. If Y is both contravariantly and covariantly finite it is called functorially finite.
An Y-resolution of A ∈ A is a complex
(2.2) · · · → Y 1 → Y 0 → A→ 0
where Y i ∈ Y for i ≥ 0 and such that the complex
(2.3) · · · → HomA(Y, Y
1)→ HomA(Y, Y
0)→ HomA(Y,A)→ 0
is acyclic for all Y ∈ Y. Note that if A has enough projectives and the projectives of A belongs to
Y then the exactness of (2.3) implies that the complex (2.2) is exact as well.
We define the contravariant Y-dimension of A, Y−dim(A) ∈ N∪{∞} to be the minimal length
of a Y-resolution of A and the global contravariant Y-dimension of A,
Y − gl. dim(A) = sup{Y − dim(A) | A ∈ A}.
A complex (Y, d) is said to be Y-acyclic in degree n if in the category A the morphism dn−1
factors as Y n−1
ǫn−1
// ker(dn) // Y n where ǫn−1 is Y-epic (here ker dn is calculated in A).
Y is called Y-acyclic (resp. essentially Y-acyclic), if it is Y-acyclic in degree n for all (resp. for
almost all) n ∈ Z. We denote by K−,b(Y) the full subcategory of K−(Y) consisting of essentially
Y-acyclic complexes.
Note that if A has enough projectives and these belongs to Y, then Y-acyclic in degree n is the
same as acyclic in degree n in the usual sense. Then, if Y corresponds to the class of projective
objects, we say acyclic (essentially acyclic) instead of Y-acyclic (essentially Y-acyclic).
Assume that Y is a contravariantly finite subcategory of A. For A,B ∈ A, denote by Y(A,B)
the subgroup of HomA(A,B) consisting of morphisms which factor through an object of Y. We
denote by A/Y the category whose objects are the same as the objects of A and the morphisms are
given by HomA/Y(A,B) = HomA(A,B)/Y(A,B). the category A/Y is called a stable category.
By Theorem 2.12 in [14] and by Theorem 2.2 in [13], there exists a left triangulated structure
on the stable category A/Y. Moreover, there exists an equivalence of triangulated categories
S(A/Y) ∼= K−,b(Y)/Kb(Y). In particular, if the category A has enough projectives and P denotes
the full subcategory of projectives in A, then S(A/P) ∼= Db(A)/Kb(P). Furthermore, if A is a
Frobenius category, S(A/P) ∼= A/P , see [12] Theorem 3.8 and Corollary 3.9 for details.
3. Triangulated categories associated to the big quantum group
In this section we study the Verdier quotient Kb(T )/Kb(N ) as a triangulated analogue of the
category F . We show that it is generated as a triangulated category by the simple modules with
highest weights in the principal alcove and that its Grothendieck ring coincides with the fusion
ring R. We also investigate the category NU consisting of all negligible modules in the category
U , the Verdier quotient Db(U)/〈NU 〉 and its Grothendieck ring.
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3.1. The category Kb(T )/Kb(N ) and its Grothendieck ring. Let π : Kb(T ) → Kb(F) be
the functor induced by the functor defined in equation (2.1). Then, by definition π(X) = XF .
Note that π is a monoidal functor because N is a tensor ideal in T . Let ǫ : Kb(F) → Kb(T ) be
the natural functor induced by the inclusion F →֒ T .
Proposition 3.1. The category Kb(N ) is closed under retracts.
Proof. Let Y ∈ Kb(T ) be a retract of X ∈ Kb(N ), that is, there are maps i : Y → X and
r : X → Y such that ri is homotopic to IdY . We must show that Y is homotopy equivalent to an
object of Kb(N ).
For each n ∈ Z we have that Y n = Y nF ⊕ Y
n
N , where Y
n
F
∼= (Y n)F and Y nN ∈ N . If Y
n
F = 0 for
all n we are done. If not, let n be the smallest index such that Y nF 6= 0.
Let d denote the differential in Y and write dn =
(
dn11 d
n
12
dn21 d
n
22
)
. Note that di+111 d
i
11 = 0 for
i ≥ n, because di+1di = 0 and its (1, 1)-component has the form di+111 d
i
11 + d
i+1
12 d
i
21 = 0, but
di+112 d
i
21 = 0 since only the zero map between fusion modules can factor through a negligible tilting
module. Using the homotopy between ri and IdY it is easy to see that d
n
11 : Y
n
F → Y
n+1
F is a split
monomorphism. Choose a submodule (Y nF )
⊥ ⊆ Y n+1F such that Y
n+1
F = Im d
n
11 ⊕ (Y
n
F )
⊥. For an
element x ∈ Y n+1F we write x = x
′ + x⊥ for its components with respect to this decomposition.
Define a complex Y˜ ∈ Kb(T ) as follows
Y˜ : · · · // Y n−1N
∂n−1
// Y nN
∂n
// (Y nF )
⊥ ⊕ Y n+1N
∂n+1
// Y n+2F ⊕ Y
n+2
N
// · · ·
where the differential ∂ is defined as follows: ∂n−1 = dn−122 , ∂
n(y) = ((dn12y)
⊥, dn22y− d
n
21((d
n
12x)n))
and ∂j = dj , for j 6= n, n− 1.
In order to verify that ∂ ◦ ∂ = 0, consider the sequence of maps f i : Y i → Y˜ i defined by
f i(x, y) = (x, y) for i 6= n, n+1, fn(x, y) = y and fn+1(x, y) = (x⊥, y−dn21x
′). Then, f i+1di = ∂ifi
for all i and since each f i is surjective we conclude that ∂ ◦ ∂ = 0. Hence, f = {f i} is a morphism
of complexes.
We now show that Y˜ is homotopy equivalent to Y . Define a morphism g : Y˜ → Y as follows:
gi = IdY i for i ≤ n − 1, g
n(x) = (−(dn12x)
′, x) and gi are the inclusions for i ≥ n + 1. It follows
that gf is homotopic to IdY˜ and fg is homotopic to IdY .
Iterating this process we will after a finite number of steps obtain a complex in Kb(N ) which is
homotopic to Y and we have thus proved that Kb(N ) is closed under retracts.
✷
Proposition 3.2. The functor π factors through a monoidal functor π : Kb(T )/Kb(N )→ Kb(F).
Moreover, π ◦ ǫ ∼= IdKb(F).
Proof. The first part holds since π(Kb(N )) = 0. The final part is evident. ✷
Proposition 3.3. The functor π does not admit neither a right nor a left adjoint.
Proof. Suppose r : Kb(F) → Kb(T ) is a right adjoint of the functor π. Then, HomKb(T )(N, rF )
∼= HomKb(F)(πN,F ) = 0 for all N ∈ K
b(N ) and F ∈ Kb(F), because πN = NF ∼= 0. Since the
projective objects of U belongs to N and U has enough projectives, we get that rF is acyclic. But
any exact complex in Kb(T ) is necessarily contractible by Corollary 2.3. Hence rF ∼= 0. Now, if
we take F = C[0],
C ∼= HomKb(F)(πC[0],C[0]) ∼= HomKb(T )(C[0], rC[0]) ∼= HomKb(T )(C[0], 0) ∼= 0,
which is a contradiction. Hence, the functor π does not admits a right adjoint. Similarly, there is
no left adjoint because all injective modules belong to N . ✷
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Proposition 3.4. The category Kb(T )/Kb(N ) is generated as a triangulated category by the
classes of the objects L(λ) for λ ∈ Cℓ.
Proof. By definition Kb(T ) and therefore its quotient Kb(T )/Kb(N ) are generated by T (λ), for
λ ∈ P+. For λ /∈ Cℓ we have T (λ) = 0 in Kb(T )/Kb(N ) and for λ ∈ Cℓ we have T (λ) = L(λ). ✷
Proposition 3.5. The category Kb(T )/Kb(N ) is not semisimple.
Proof. If the category Kb(T )/Kb(N ) were to be semisimple, then by the previous proposition
the functor π : Kb(T )/Kb(N ) → Kb(F) of Proposition 3.2 would be an equivalence and so the
functor π : Kb(T )→ Kb(F) will admits an adjoint, which is not possible by Proposition 3.3. ✷
We proceed now to compute the Grothendieck ring of the quotient category Kb(T )/Kb(N ).
By [3] 3.19, we have that the Grothendieck ring of the category U has [T (λ)], λ ∈ P+ as a Z-
basis. It has decomposition of the form K0(U) ∼= R ⊕ R+ where R ∼= spanZ{[T (λ)]|λ ∈ Cℓ}
and R+ ∼= spanZ{[T (λ)]|λ ∈ P+ \ Cℓ}. Moreover, K0(N ,⊕) ∼= R+ and as we defined earlier
K0(F) = R.
Define a ring homomorphism ϕ : K0(K
b(T )/Kb(N )) → R by [L(λ) mod Kb(N )] 7→ [L(λ)],
where λ ∈ Cℓ.
Proposition 3.6. ϕ is an isomorphism.
Proof. At the level of Grothendieck groups we have exact sequenceK0(K
b(N λ))→ K0(Kb(T λ))→
K0(K
b(T λ)/Kb(N λ)) → 0. Because Kb(N λ) is closed under retracts the Euler characteristic of
the quantum trace vanishes onKb(N λ), and we have well defined map K0(Kb(T λ)/Kb(N λ))→ C.
By Proposition 3.4 the categoryKb(T )/Kb(N ) is generated by the simple modules with weights in
the principal alcove. In particula, for λ ∈ Cℓ, Kb(T λ)/Kb(N λ) is generated by the simple module
of weight λ, which has non-zero quantum dimension, and hence Kb(T λ)/Kb(N λ) is a free abelian
group of rank one. Then ϕ defines map from K0(K
b(T )/Kb(N ) to Kb(F) which send generators
to generators. Because both are free abelian groups of the same rank, ϕ is an isomorphism. ✷
3.2. The category Db(U) and a characterization of 〈N〉. Recall the block decomposition
U = ⊕λ∈P/WℓU
λ given by the linkage principle. We say that a block Uλ is singular if λ is a singu-
lar weight. Denote by 〈Db(U)sing〉 the smallest triangulated subcategory of Db(U) that contains
the singular blocks of U and is closed under retracts and tensor products with arbitrary modules.
Equivalently, 〈Db(U)sing〉 is the smallest triangulated subcategory closed under retracts and tensor
ideal of Db(U) which contain L(λ) for λ ∈ P+ singular.
Recall that Trg(N ) denotes the triangulated subcategory of Db(U) generated by N . Thus
Trg(N ) = γ(Kb(N )) and hence Trg(N ) is a tensor ideal. By Proposition 3.1, Kb(N ) is closed
under retracts, so 〈N〉 = Trg(N ) (recall that 〈N〉 is the smallest full triangulated subcategory of
Db(U) that contains N and is closed under retracts and tensor products with arbitrary modules,
see section 2.6).
Theorem 3.7. 〈Db(U)sing〉 = 〈N〉.
Proof. As a triangulated category and tensor ideal 〈Db(U)sing〉 is generated by M ∈ Uλ, λ
singular. By Theorem 2.2 and the linkage principle M ∼= T in Db(U) for some T ∈ Kb(T λ). Since,
T λ ⊂ N we have proved that 〈Db(U)sing〉 ⊆ 〈N〉.
On the other hand, for any T (µ) ∈ N , we have that µ ∈ A, where A is an alcove different form
Cℓ. If µ ∈ A \ A, µ is singular and we are done. If µ ∈ A is regular, then there exists λ ∈ A \ A
such that µ − λ ∈ P+. Put E = T (µ − λ). Then, T (µ) is a direct summand of T (λ) ⊗ E. Since
λ is singular, T (λ) ∈ Uλ and so T (λ)⊗ E belongs to 〈Db(U)sing〉. Therefore, T (µ) ∈ 〈Db(U)sing〉
because the ideal 〈Db(U)sing〉 is closed under retracts. Thus 〈N〉 is contained in 〈Db(U)sing〉. ✷
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Theorem 2.2 implies that the category Kb(T )/Kb(N ) is equivalent to the category Db(U)/〈N〉.
Thus, by Proposition 3.6 we have the following
Corollary 3.8. The ring K0(D
b(U)/〈N〉) is isomorphic to the ring R.
✷
3.3. The category Db(U)/〈NU 〉 and its Grothendieck ring. Recall that NU is the full sub-
category of U consisting of all negligible modules, that is, modules such that the quantum trace of
each of its endomorphisms vanishes.
Lemma 3.9 (see [19]). 1) NU is closed under direct sums and summands.
2) Let M ∈ U be indecomposable, then M ∈ NU if and only if dimq(M) = 0.
Proof. 1) Follows because the decomposition of any module into indecomposable modules has
finitely many components.
2) On one side, by definition the trace of the identity morphism of an indecomposable negligible
module is zero. On the other side, if f is an endomorphism of M it can be written as a sum of a
scalar and a nilpotent morphisms fe and fn respectively, because M is indecomposable. The trace
of the former is zero because dimq(M) = Trq(1M ) = 0 and the trace of the latter is zero since
fnK2ρ a nilpotent operator and M a direct sum of its weight spaces. ✷
Consider the full triangulated subcategory and tensor ideal 〈NU 〉 of Db(U). We want to study
the Verdier quotient Db(U)/〈NU 〉.
Let λ be a dominant weight, denote by N λ = N ∩Uλ and N λU = NU ∩U
λ the respective blocks.
Since indecomposable modules has composition factors with linked highest weights and there are
no morphisms between simples unless the highest weights are the same, by Lemma 3.9 we have
NU ∼=
⊕
λ∈P/Wℓ
N λU , K
b(NU ) ∼=
⊕
λ∈P/Wℓ
Kb(N λU )
and from this we conclude that
Db(U)/〈NU 〉 ∼=
⊕
λ∈P/Wℓ
Db(Uλ)/〈N λU 〉.
Consider the Euler characteristic of the quantum trace, that is, the morphisms Tr•q : D
b(U)→ C
defined by Tr•q(X) =
∑
i(−1)
iTrq(X
i), where X i are the components of the complex X . This is
a well defined map because the sum is finite. Let [Trq] : K0(D
b(U)) → C the induce trace map in
the Grothendieck group.
If [Trq]([N ]) = 0 for any object N in 〈N λU 〉, using the exact sequence (see section 2.6)
K0(〈N λU 〉)
// K0(D
b(Uλ)) // K0(Db(Uλ)/〈N λU 〉)
// 0
we obtain a well defined map [Trq] : K0(D
b(Uλ)/〈N λU 〉)→ C. Then, using that NU
∼=
⊕
λ∈P/Wℓ
N λU
and the short exact sequence
K0(〈NU 〉) // K0(D
b(U)) // K0(D
b(U)/〈NU 〉) // 0
we have well defined map [Trq] : K0(D
b(U)/〈NU 〉)→ C.
We still do not known if this map exists or not. Moreover, we do not know if 〈NU 〉 is
the whole derived category Db(U) or weather 〈NU 〉 = 〈N〉. One way to know if the map
[Trq] : K0(D
b(U)/〈NU 〉) → C exists is to prove that Trg(NU) ∼= 〈NU 〉, which means that all the
retracts in 〈NU 〉 are negligible, so [Trq](〈NU 〉) = 0 and the map [Trq] is defined. Moreover, 〈NU 〉
becomes a proper ideal. Using this and that each of the categories Db(Uλ)/〈N λU 〉 are generated by
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the irreducible module with highest weight λ, we are able to prove that K0(D
b(Uλ)/〈N λU 〉)
∼= Z
and so K0(D
b(U)/〈NU 〉) ∼= R.
We will investigate in Proposition 6.7 when Trg(NU ) ∼= 〈NU 〉 holds.
4. The stable category S(U/N )
In this section, we show that the category N is functorially finite in the category U . This allow
us to define the stable category S(U/N ) and construct a quotient functor from this category to the
category Db(U)/〈N〉. As a consequence, we conclude that the Grothendieck ring of the category
S(U/N ) is an enhancement for the fusion ring R.
4.1. N is functorially finite in U . We start by showing that the categoryN is functorially finite
in U , (see Section 2.9 for definitions).
Given a tilting module T , a Weyl module ∆ and a simple module L, denote by [T : ∆] the
standard flag multiplicity of ∆ in T and by [∆ : L] the Jordan - Hölder multiplicity of L in ∆.
Lemma 4.1. Let µ ∈ P+ and L(µ) be the simple Uq-module of weight µ. Then, there exists only
finitely many λ ∈ P+ such that HomU (T (λ), L(µ)) 6= 0. Hence, for any V ∈ U , there exists finitely
many λ ∈ P+ such that HomU(T (λ), V ) 6= 0.
Proof. Fix L(µ) for µ ∈ P+. Consider λ ∈ P+ and the indecomposable tilting module T (λ).
Then
dimC(HomU (T (λ), L(µ))) = [T (λ) : L(µ)]
=
∑
ν∈P+ [T (λ) : ∆(ν)][∆(ν) : L(µ)]
=
∑
ν∈P+ [T (λ) : ∆(ν)][T (µ) : ∆(ν)]
=
∑
ν∈P+ nνλ(1)nνµ(1)
The second equality is given by BGG-reciprocity. T (µ) denotes the projective cover of L(µ) and
nνλ, nνµ denotes the parabolic Kazhdan-Lusztig polynomials, see [24]. If nνλ(1)nνµ(1) 6= 0 then
ν ≤ µ and ν ≤ λ. If [∆(ν) : L(µ)] 6= 0 then µ ≤ ν. Therefore, µ ≤ ν ≤ µ. Hence, there are only
finitely many tilting modules T (λ) with standard composition factors having weights ν such that
µ ≤ ν ≤ µ.
The last statement of the lemma follows because the category U is a finite length category. ✷
Theorem 4.2. The category N is functorially finite in U .
Proof. By definition, it is sufficient to show that any V ∈ U admits an N -cover. For each
λ ∈ P+ \Cℓ let nλ = dimHomU(T (λ), V ). Then each nλ is finite and it is zero for almost all λ by
Lemma 4.1. Let NV :=
⊕
λ∈P+\Cℓ
T (λ)nλ ∈ N . Let can : NV → V be the canonical map. Then
by construction any map N → V , for N ∈ N factors through can. Also note that can is surjective
since U has enough projectives and the projectives belongs to N . Thus, can is an N -cover. ✷
Theorem 4.2 implies that any object A ∈ U admits an N -resolution NA → A, where NA ∈
K−(N ) lives in non-positive degrees. Since N contains all the projectives and U has enough
projectives it follows that the complex NA → A is automatically acyclic in the usual sense. Recall
that N − gl. dim(U) is the supremum of all the minimal lengths of N -resolutions for objects in U .
Proposition 4.3. N − gl. dim(U) is infinite.
Proof. Let F ∈ T \ P , P ։ F be a projective cover and let A = ker(P ։ F ). We show that
A cannot admit a finite N -resolution. If it did, we would have a finite acyclic complex NA → A
where NA ∈ Kb(N ). But this would give the acyclic complex NA → P → F in Kb(T ). Hence, by
Corollary 2.3, the latter is contractible, which is impossible since P ։ F is not split. ✷
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4.2. The category K−,b(N )/Kb(N ). Theorem 4.2 allow us to construct the left triangulated
category U/N and its stabilization S(U/N ), which is a triangulated category equivalent to the
Verdier quotient category K−,b(N )/Kb(N ), see sections 2.8 and 2.9.
Recall that the objects of the category K−,b(N ) are essentially N -acyclic complexes. Since
projective modules are negligible, the objects of K−,b(N ) are essentially acyclic, that is, they have
bounded cohomologies. For that reason, the image of the composition K−,b(N ) → K−(N ) →
D−(U) is contained in Db(U) and defines a triangulated functor F : K−,b(N ) → Db(U), which is
the identity on objects and induces a functor
F : K−,b(N )/Kb(N )→ Db(U)/〈N〉.
Theorem 4.2 asserts that any object of U has an N -cover and by construction this cover is an
epimorphism. In particular, tilting modules have N -covers. Since the category of negligible tilting
modules is closed under taking direct sums and under isomorphisms, for any complex X in Db(U)
there exist a complex NX in K
−,b(N ) and a morphism NX → X which is a quasi-isomorphism,
Theorem I.7.5 of [16]. Note that in the case X is a module in U , then NX is an N -resolution of
X . We define the functor G : Kb(T )→ K−,b(N ) by G(X) = NX . Then G induces a functor
G : Kb(T )/Kb(N )→ K−,b(N )/Kb(N )
Lemma 4.4. We have the following natural isomorphisms for F ∈ F and N ∈ N :
1) HomK−,b(N )(G(F ), N [0]) ∼= HomKb(T )(F [0], N [0]) and HomK−,b(N )(G(F ), N [i]) ∼= 0 for
i 6= 0.
2) HomK−,b(N )(N [0], G(F )) ∼= HomKb(T )(N [0], F [0])
3) HomK−,b(N )(G(F ), G(F )[0]) ∼= HomKb(T )(F [0], F [0]) and
HomK−,b(N )(G(F ), G(F )[i]) ∼= 0 for i 6= 0.
Proof. Recall that ExtiU (T, T
′) ∼= 0 for i > 0 and any two tilting modules T and T ′. 1). Because
G(F ) is a deleted N -resolution of F , it satisfies H0(G(F )) ∼= F and the other cohomologies are
zero. So, we have
HomK−,b(N )(G(F ), N [i]) ∼= Ext
i
U (H
0(G(F )), N) ∼= ExtiU(F,N)
which is isomorphic to zero if i 6= 0 and is isomorphic to HomU (F,N) if i = 0. then
HomK−,b(N )(G(F ), N [0]) ∼= HomU (F,N) ∼= HomKb(T )(F [0], N [0]).
2). Since G(F ) = NF is an N -resolution of F (which components will be denoted by N iF ), the
following complex is acyclic
· · · // HomN (N,N2F )
// HomN (N,N
1
F )
// HomN (N,F ) // 0 .
Therefore,
HomN (N,F ) ∼= HomN (N,N
1
F )/ im(HomN (N,N
2
F )→ HomN (N,N
1
F ))
but the right hand side is HomK−,b(N )(N [0], G(F )) and the left hand side is HomKb(T )(N [0], F [0]).
3). HomK−,b(N )(G(F ), G(F )) ∼= HomDb(U)(G(F ), H
0(G(F ))) ∼= HomU(F, F )
∼= HomKb(T )(F [0], F [0]). ✷
We denote byK−,b,ex(N ) ⊂ K−(N ) the subcategory of acyclic complexes. Note thatK−,b,ex(N ) =
ker(F ). We define a triangulated functor
F ′ : (K−,b(N )/Kb(N ))/K−,b,ex(N )→ Db(U)/〈N〉
and a the triangulated functor
G′ : Db(U)/〈N〉 → (K−,b(N )/Kb(N ))/K−,b,ex(N )
by G′ := Q′ ◦G ◦ γ−1, where the functor Q′ : K−,b(N )/Kb(N )→ (K−,b(N )/Kb(N ))/K−,b,ex(N )
and γ : Kb(T )/Kb(N )→ Db(U)/〈N〉 is the equivalence induced by γ
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Theorem 4.5. The functor F ′ is an equivalence of triangulated categories.
Proof. By Lemma 4.4 the functor G is fully faithful. If X belongs to Db(U)/〈N〉, then G(X) =
NX and NX → X is an isomorphism. Hence, F ◦ G(X) → F (X) = X is an isomorphism.
If X belongs to K−,b(N )/Kb(N ), there exist triangle G ◦ F (X) → X → C →+1 for some C.
Applying F to this triangle and using the fact that F ◦ G ◦ F (X) = F ◦ G(F (X)) ∼= F (X) we
get triangle F (X) → F (X) → F (C) →+1. Therefore, F (C) ∼= 0, and C ∈ ker(F ). Then, in
(K−,b(N )/Kb(N ))/K−,b,ex(N ), we get that C ∼= 0. So, G◦F (X)→ X is an isomorphism. Hence,
G′ is an inverse for F ′, hence F ′ is an equivalence of categories. ✷
We can relate the above quotient categories with the stabilization of the left homotopy pair
(U ,N ). Denote by K the image of K−,b,ex(N )/Kb(N ) under the equivalence of S(U/N ) with
K−,b(N )/Kb(N ).
Corollary 4.6. S(U/N )/K → Kb(T )/Kb(N ) → Db(U)/〈N〉 are equivalences of triangulated
categories.
Proof. By Theorem 4.2 and section 2.9, S(U/N ) is equivalent to K−,b(N )/Kb(N ). This result
plus the Theorems 4.5 and 2.2 prove the desired equivalences. ✷
4.3. Grothendieck rings. We have not been able to explicitly describe K0(K
−,b(N )/Kb(N )).
However we shall see that we have a surjective and non-injective, unless g = sl2, map to R. For
this purpose, for N ∈ N define the functions aN , bN : K−,b(N )→ Z by
aN(X) =
∑
i∈Z
(−1)i dimHomK−(N )(X,N [i])
bN(X) =
∑
i∈Z
(−1)i dimHomK−(N )(N [0], X [i])
Lemma 4.7. For every N ∈ N , the functions aN and bN are well-defined (i.e. their defining sums
are finite) and additive with respect to distinguished triangles.
Proof. Let X be a complex in K−,b(N ). Let rE be the smallest integer such that X i is N -acyclic
for i < rE . Because the complex X is bounded above, let rX be the smallest integer such that
X i = 0 for any i > rX .
We verify that the function bN is well defined. If i << 0, then HomK−(N )(N [0], X [i]) = 0. On
the other hand, if we pick i >> 0, since X is bounded above, HomK−(N )(N [0], X [i]) = 0.
Let see that the function aN is well-defined. Because X is bounded above, for any i < −|rX |
we get HomK−(N )(X,N [i]) = 0. It follows immediately from the equivalence γ : K
b(T ) → Db(U)
that for any A,B ∈ Db(U), HomDb(U)(A,B[i]) ∼= 0 for i big enough. For any i ∈ Z and complex
X ∈ K−,b(N ) denote by X≥i ∈ Kb(N ) the complex X i → X i+1 → · · · → XrX → 0. Note that
for any j > i we have,
HomK−(N )(X,N [i]) ∼= HomKb(N )(X
≥−j , N [i]) ∼= HomDb(U)(γX
≥−j, γN [i])
Recall that rE has the property that for any j < rE the complex X is j-acyclic (and so exact in
this degree). Take i < min{0, rE}. Then the triangle X≥i−2 → X → coker(d
i−4
X )[−i + 3] →+1
and the fact that there are no extensions between tilting modules in the category U shows that
HomK−(N )(X,N [i]) ∼= HomK−(N )(X
≥i−4, N [i]). But the later is zero for i big enough. So, aN is
well-defined as well. The last statement now follows because Hom is a cohomological functor. ✷
The functions aN and bN for negligible tilting modules N ∈ N induce integer-valued functions
on the Grothendieck group K0(K
−,b(N )). We denote this function by the same symbols, that is,
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we have functions aN , bN : K0(K
−,b(N )) → Z defined by [X ] 7→ aN (X) and [X ] 7→ bN(X), where
[X ] is the image of X in the Grothendieck group.
Assume g 6= sl2. By Proposition 3.1, we have an exact sequence of groups
K0(K
b(N )) // K0(K−,b(N ))
p
// K0(K
−,b(N )/Kb(N )) // 0
Let V ∈ K−,b(N ) be an acyclic complex of the form
· · · // N−3 // N−2 // P // N0
where N0 is a negligible non projective, P is its projective cover and · · · → N−3 → N−2 is an
N -resolution of ker(P → N)0, it is infinite by Lemma 4.3.
Proposition 4.8. p([V ]) 6= 0.
Proof. We have bN0([V ]) ≥ 1 because at least we have the chain map given by the identity
N0 → N0 in degree zero. We claim that aN ([V ]) = 0 for any N ∈ N . Indeed, using the
notation in the proof of Lemma 4.7 we have HomK−(N )(V,N [i]) = 0. If p([V ]) = 0 we would
have [V ] ∈ K0(Kb(N )). Then, [V ] =
∑m
i=1 ni[Ni] for some Ni ∈ N and ni ∈ Z. But since tilting
modules are self dual this would give aN ([V ]) = bN ([V ]) which is a contradiction when N = N
0.
✷
Note that the functor F : K−,b(N )/Kb(N ) → Db(U)/〈N〉 induces a surjective ring homomor-
phism K0(F ) : K0(K
−,b(N )/Kb(N ))→ K0(Db(U)/〈N〉).
Proposition 4.9. The ring homomorphism K0(F ) is non-injective unless g = sl2.
Proof. If g 6= sl2, there are negligible modules which are not projective, so we can construct a
complex V as above. By construction, V ∈ K−,b,ex(N ) = kerF . The induced map on Grothendieck
groupsK0(F ) contains p([V ]) in its kernel, and so ker(K0(F )) 6= 0. Hence, the Grothendieck group
K0(K
−,b(N )/Kb(N )) is different and surjects to K0(Db(U)/〈N〉). In the case of g = sl2, N = P
and the functor F is an equivalence, then the map K0(F ) is clearly injective. ✷
Corollary 4.10. If g 6= sl2 then K0(K−,b,ex(N )) 6= 0.
✷
We obtain a ring surjection K0(S(U/N )) → R which is non-injective unless g = sl2. Hence,
K0(S(U)/N )) can be thought of as an enhancement of R.
5. Example: the case of sl2
We analyze the Verdier quotient Kb(T )/Kb(N ) for the special case of g = sl2. In this section,
U denotes the category of finite dimensional Uq-modules of type 1 for the Lie algebra sl2. Denote
by P and by I the categories of projective and injective objects in U . Hence, P = I.
Let m ∈ Cℓ = {0, 1, . . . , ℓ − 2}. For any i ≥ −1, consider the weights: m2i+1 = m + 2(i + 1)ℓ
and m2i = 2ℓ(i+ 1)− (m+ 2).
We have the following exact sequences for Weyl and tilting modules,
(5.1) 0 // ∆(mi) // T (mi) // ∆(mi−1) // 0
(5.2) 0 // L(mi−1) // ∆(mi) // L(mi) // 0
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Lemma 5.1. In U , given a simple module L(m), for m ∈ Cℓ, the following is a minimal projective
resolution of it (i.e., an N -resolution):
· · · // Pm2 // Pm1 // Pm0 // L(m) // 0
where Pmi = T (mi).
Proof. Easily follows from the exact sequences 5.1 and 5.2. ✷
Since the category U is a Frobenious category, U/P is a triangulated category canonically
equivalent to S(U/P), see section 2.9 fo the definition of the stabilization of a left triangulated
category.
Lemma 5.2. Kb(T )/Kb(N ) ∼= Db(U)/〈P〉 ∼= S(U/P) ≡ U/P = Uq −mod.
Proof. The negligible tilting modules coincides with the projective modules. Then by Theorem
2.2 and section 2.9 we obtain the result. ✷
Proposition 5.3. Kb(T )/Kb(N ) is generated as a triangulated category by the simple modules
L(m), m ∈ Cℓ. For any m,n ∈ Cℓ,
HomKb(T )/Kb(N )(L(m), L(n)[k]) =
{
C if m = n, k = 0,−1
0 otherwise
Proof. The category is generated by L(m), for m ∈ Cℓ, since they are the fusion modules. By
lemma 5.1, we have projective resolutions for L(m) and L(n), say P• and Q• respectively. By
definition of the hom-spaces in the quotient category we have:
HomKb(T )/Kb(N )(L(m), L(n)[k]) ∼= colim
i,i−k≥0
HomU(Ω
i(L(m)),Ωi−k(L(n)))
where Ωj(L(m)) is the kernel of the map Pmj → Pmj−1 in the projective resolution for L(m).
Similarly, for L(n). By the exact sequence (5.1) and by the basis of morphisms between tilting
modules given in [6], the morphisms Pmj → Pmj−1 is a lifting of the surjection Pmj ։ ∆(mj−1).
Thus, Ωj(L(m)) ∼= ∆(mj). If m 6= n, there are no morphisms between ∆(mi) and ∆(ni−k) by the
linkage principle. It remains to study the case when m = n.
Let m = n and k > 0. Then there is no vector of weight mi in ∆(mi−k). Hence, we will get
that HomU(∆(mi),∆(mi−k)) = 0. On the other hand, if k ≤ 0 the weight mi−k is bigger than
the weight mi, and there are morphisms unique up to scalars ∆(mi)→ ∆(mi−k) just when k = 0
or k = −1. When k = 0 is the identity map and when k = −1 is the unique map with image L(mi).
By the exact sequences (5.1) and (5.2), we see that the unique non-zero morphisms ∆(mi) →
∆(mi) and ∆(mi) ։ L(mi) →֒ ∆(mi+1), which are basis for HomU (∆(mi),∆(mi−k)), k = 0,−1,
does not factor trough a projective object. Thus, HomU(∆(mi),∆(mi−k)) ∼= C. Moreover, the
canonical maps HomU(∆(mi),∆(mi+1)) → HomU (∆(mi+1),∆(mi+2)) are isomorphisms. There-
fore, HomDb(U(sl2))/〈N〉(L(m), L(m)[k])
∼= C when k = 0 or k = −1. ✷
6. The fusion ring of a spherical category and the small quantum group
In this section we recall the notion of a spherical category and suggest a definition of its fusion
ring. As an example we partially describe the fusion ring of the small quantum group and shows
that in the case of sl2 it coincides with the version of the Verlinde algebra introduced by Lachowska
in [22]. We also discuss the problem of whether the restriction of negligible tilting modules is a
contravariantly finite subcategory.
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6.1. Fusion rings for spherical categories. Let C be a rigid monoidal category with unit ob-
ject 1. We assume that C is a k-linear category where k denotes the commutative ring End 1. The
category C is a pivotal category if it is endowed with a pivotal structure, that means, a monoidal
isomorphisms between X and X∗∗ for any object X in C . The pivotal structure implies that the
right and left dualities coincide.
In a pivotal category C there are left and right traces TrL,TrR : End(X)→ k for any X ∈ C , see
[10] for definitions. For any two morphisms f, g in C we have TrL(f ⊗ g) = TrL(f)TrL(g). We say
that the category C is spherical if it is a pivotal category in which the left and right traces coincide.
In this case we define the categorical or quantum dimension of an object X by dimq(X) = TrL(1X).
Given a spherical category C , it is possible to construct a quotient category of C which is
spherical and semisimple, see Theorem 2.9 in [10]. Here we present some examples.
Example 6.1. The category T of tilting modules for a quantized enveloping algebra at a root
of unity is an additive spherical category. For the subcategory of negligible tilting modules N , the
quotient T /N =: F is a spherical category with finitely many simples objects indexed by the weights
in the principal alcove.
Example 6.2. The category U is a spherical abelian category. The quotient U/NU is spherical
too, but typically it has infinitely many isomorphism classes of simple objects.
Example 6.3. The category of representations for the small quantum group uq is a spherical
category. This example is studied in detail in the next section.
Definition 6.4. An object X ∈ C is called negligible if TrL(f) = 0 for any f ∈ EndC (X). In
particular, dimq(X) = 0.
Let C be an abelian spherical category and let NC be its full subcategory of negligible objects.
It is possible to prove that NC a tensor ideal. Consider the Verdier quotient D
b(C )/〈NC 〉, where
〈NC 〉 is the full triangulated subcategory of Db(C ) generated by the objects of NC and closed
under retracts and tensor products with arbitrary modules.
Definition 6.5. The derived fusion category of C is Db(C )/〈NC 〉 and its fusion ring RC is
K0(D
b(C )/〈NC 〉).
An advantage of this definition is that we do not need to define tilting modules in the spherical
category in order to define the fusion ring. We just need the spherical structure for the definition
of the category of negligible modules. In [7] the still unsolved problem of how to define tilting
modules for a spherical category is discussed.
For the rest of this section suppose C is an abelian Frobenious category with enough projective
and injective objects. It is known that the projective objects belongs to NC . We finish this section
giving a characterization of the property that the retracts of the category 〈NC 〉 are generated by
the objects of NC .
Lemma 6.6. Let N ∈ NC and ι : N → IN be an injective hull of N . Then, CN := coker(ι) ∈ NC .
Proof. Consider the exact sequence 0 // N
ι
// IN
π
// CN // 0 and let f : CN → CN
be any automorphisms of CN . Because C is a Frobenious category, IN is projective and then
there exists map f˜ : IN → IN such that fπ = πf˜ . Let f˜ |N the restriction of f˜ to N and note
that im(f˜ |N ) ⊂ N because π(ιf˜ |N ) = 0. Also, becuase f˜ is an extension of f we have that
im(f˜ |CN ) ⊂ CN . Then, Trq(f˜) = Trq(f˜)|N +Trq(f). It follows that Trq(f) = 0 becuase N and IN
are negligibles. So, CN ∈ NC .
✷
By section 2.9, if P is the full subcategory of projective objects of C we have equivalences
of categories S(C /P) ≡ C /P ≡ Db(C )/〈P〉. Recall, that in the stable category C /P the cone
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of a morphisms is constructed as follows: given a map f : X → Y in C /P there is an in-
jective map (f, ιX) : X → Y ⊕ IX in C , where ιX : X → IX is the injective hull of X
and such that the class of (f, ιX) is f . We define cone(f) as the pushout object given by the
maps f and ιX . Distinguished triangles in C /P are the ones isomorphic to triangles of the form
X → Y → cone(X → Y )→ coker(X → Y ).
Denote by NC the image of NC in the stable category C /P and by Trg(NC ) the image of
Trg(NC ) in the category D
b(C )/〈P〉.
Proposition 6.7. Trg(NC ) is closed under retracts if and only if for any monomorphisms f :
N → N ′ in NC we have coker(f) ∈ NC .
Proof. Suppose f : N → N ′ in NC such that coker(f) ∈ NC . This condition and the Lemma 6.6
implies that NC is closed under shifts and cones. So, under the equivalence C /P ≡ Db(C )/〈P〉
corresponds to Trg(NC ). Now, assume we have an object N of C /P which is a direct summand
of some N ′ in NC , that means, N is a direct summand of N
′ ⊕ P in the category C for some
projective P . Because, N ′ ⊕ P is negligible we get that N is too, and so, N ∈ NC . This implies
that Trg(NC ) is closed under retracts. Finally, because 〈P〉 is closed under retracts we get that
Trg(NC ) is closed under retracts in D
b(C ). The other direction in the proposition is clear. ✷
6.2. Fusion for the small quantum group. The small quantum group uq is defined to be the
subalgebra of Uq generated by Ei, Fi and Ki. It is a finite dimensional Hopf subalgebra of di-
mension ℓdimC g. We denote the category of all integrable type 1 uq-modules by u
int and by u its
subcategory of finite dimensional modules.
It is known that u is a spherical category with the usual quantum trace. The category of negligi-
ble modules in u is denoted by Nu. The fusion category of the small quantum group is Db(u)/〈Nu〉
and its fusion ring is Ru = K0(Db(u)/〈Nu〉). For M ∈ U denote by M |u its restriction to u. The
simple objects of u are L(λ)|u, λ ∈ Pℓ where Pℓ = {λ ∈ P+|〈λ, α∨〉 < ℓ, α ∈ ∆}, see [4]. From this
it follows that u (and Db(u) as a triangulated category) is generated by ∆(λ)|u, λ ∈ Pℓ and that
K0(u) = K0(D
b(u)) is a free Z-module with basis [∆(λ)|u], λ ∈ Pℓ. The restriction map U → u
defines a surjective ring homomorphism K0(U)→ K0(u).
In [22], Lachowska defined an algebra V r := C ⊗Z R ⊗K0(U) K0(u) which is a counterpart for
the small quantum group of the fusion ring (or in her terminology, Verlinde algebra) C⊗ZR of U .
Its representation theoretical meaning remains mysterious. She shows that V r ∼= C ⊗Z K0(u)/I
where I is the ideal generated by [∆(λ)|u] + [∆(sα • λ)|u], s is a reflection in W , λ ∈ Pℓ and
that dimC(V r)
− = (dimC C ⊗Z R)/(|P |/|Q|) = |X |. Here the •-action is defined by w • λ =
w · λ mod(ℓP ), for w ∈ Wℓ, λ ∈ Pℓ, and X is the set of regular weights inside the fundamental
domain for the •-action, X . A basis for V r is {[L(λ)|u] = [∆(λ)|u]}, λ ∈ X .
Proposition 6.8. Let g = sl2, then Trg(Nu) is closed under retracts.
This proposition implies that Trg(Nu) = 〈Nu〉, and so all the retracts in 〈Nu〉 are negligible
modules. We sketch the proof of this proposition in the next section.
Proposition 6.9. (1) dimC C⊗Z Ru ≥ |X |.
(2) When g = sl2 we have a canonical ring isomorphism C⊗Z Ru ∼= V r.
Proof. (1) By the linkage principle for the small quantum group, [22], proposition 2.7, we get
Db(u)/〈Nu〉 = ⊕λ∈XD
b(u)λ/〈N λu 〉 so that
C⊗Z Ru = ⊕λ∈XC⊗Z K0(D
b(u)λ/〈N λu 〉).
Now for each λ ∈ X we have the C-linear map dimq : C ⊗Z K0(Db(u)λ/〈N λu 〉) → C which is
non-zero since dimq(∆(λ)|u) = dimq(∆(λ)) 6= 0. This proves (1).
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In the sl2-case we have that V r ∼= C ⊗Z K0(u)/I where I is the ideal generated by [∆(λ)|u] +
[∆(s • λ)|u], λ ∈ Pℓ, s a reflection in W . But if λ < s • λ then dimq(∆(λ)|u) = − dimq(∆(s • λ)|u)
and there is an extension Eλ ∈ Ext
1
u(∆(λ)|u,∆(s • λ)|u) which can be described as follows: As
a C[K]-module Eλ = ∆(λ)|u ⊕ ∆(s • λ)|u; the action of E and F is the same as it would be in
the direct sum with the sole exception that F applied to the lowest weight vector of ∆(s • λ)|u
equals the highest weight vector of ∆(λ)|u. Then dimq Eλ = 0 and since Eλ is indecomposable we
get Eλ ∈ Nu. Thus we get a quotient map Db(u)/〈Eλ, λ ∈ X〉 → Db(u)/〈Nu〉 and hence, (since
[Eλ] = [∆(λ)|u] + [∆(s • λ)|u] and 〈Nu〉 is closed under retracts by Proposition 6.8) a surjective
ring homomorphism
V r ∼= C⊗Z K0(D
b(u)/〈Eλ, λ ∈ X〉)→ C⊗Z Ru.
This is an isomorphism by (1). This proves (2). ✷
6.3. Sketch of the proof of proposition 6.8. The proof is a case by case analysis using the
classification of the indecomposable modules for the small quantum group of sl2 given in [17]. It
would take several pages to write all the details and they are not enlightening. Therefore we opted
for a brief sketch. The indecomposable modules in the category u come in five groups:
• Standard modules ∆(n) which are indecomposable for any n not divisible by ℓ.
• Duals of standard modules, i.e., costandard modules, ∇(n).
• Some maximal submodules of standard modules Cλ,µ(n) ⊆ ∆(n). They can be understood
in the following way: Consider an integer n such that ∆(n) is indecomposable. Write
n = n0 + ℓn1, where 0 ≤ n0 ≤ ℓ − 1. As a vector space ∆(n) is generated by vectors
v0, . . . , vn0 , vn0+1, . . . , vn−n0−1, vn−n0 , . . . , vn where they are ordered from the highest to
the lowest weight vectors, i.e., v0 and vn are the highest and lowest weight vectors respec-
tively. Define Cλ,µ(n) to be generated by λv0+µvn−n0 , . . . , λvn0+µvn, vn0+1, . . . , vn−n0−1,
where λ, µ ∈ C not both zero at the same time.
• Duals of the maximal modules Cλ,µ(n).
• Projective modules P (n). For each n ∈ Pℓ there is a simple module, its projective cover is
P (n).
The negligible modules are: projective, standard, costandard modules and the maximal sub-
modules of standard modules which have C-dimensions divisible by ℓ. By Proposition 6.7 it is
enough to prove that for any monomorphism N →֒ N ′ of negligible modules its cokernel N ′/N is
a negligible module.
Write N = ⊕Ni where the Ni are indecomposable negligible modules in the above list. Then
by direct inspection we see that Ni has a submodule K of dimension ℓ so that Ni/K is negligible.
Thus N ′/N ∼= (N ′/K)/(N/K) so if we can prove that N ′/K, N/K are negligible we get by induc-
tion on dimC(N) that N
′/N is negligible as well.
Therefore we come to the case when N is indecomposable and dimC(N) = ℓ. Moreover, if
the map f = (f1, . . . , fn) : N →֒ N1 ⊕ · · · ⊕ Nn, an inspection process will show that one of the
components of f is injective, say f1. A case by case analysis allow us to conclude that coker f is
negligible.
6.4. About the contravariantly finiteness of Nu. We have adjoint pair of functors, restric-
tion and induction, Res : U int // uint : Indoo , where Res(M) = M |u is the restriction functor
and Ind(V ) = (Oq(G) ⊗ V )uq is the induction functor, see [4]. Restriction is an exact func-
tor and in this case the induction is also exact by theorem 4.8 in [4], so they induce an ad-
joint pair of functors on the level of derived categories, that we denote by the same symbols,
Res : Db(U int)⇋ Db(uint) : Ind.
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By the results in [9], the functor Ind factors as follows. Let (U int,O(G)) be the category of
Uq-equivariant O(G)-modules. For V ∈ uint let ˜Ind(V ) = Ind(V ) equipped with its natural O(G)-
module structure coming from the isomorphism O(G) ∼= Oq(G)uq . Then ˜Ind : uint → (U int,O(G))
becomes an equivalence of categories. In this situation Ind = for ◦ ˜Ind where for : (U int,O(G)) →
uint is the functor that forgets the O(G)-module structure.
Let 〈Db(uint)sing〉 the smallest triangulated subcategory of Db(uint) which contains L(λ)|u for
λ ∈ P+ singular and is closed under retracts and tensor products with arbitrary modules.
Lemma 6.10. Ind(〈Db(uint)sing〉) ⊆ 〈Db(U int)sing〉 and Res(〈Db(U int)sing〉) ⊆ 〈Db(uint)sing〉.
Proof. The second assertion is obvious. For the first assertion, note that 〈Db(uint)sing〉 is generated
by L(λ)|u, for λ ∈ P+ singular, under triangles, shifts and tensor products with arbitrary modules.
Therefore, it is enough to observe that Ind(L(λ)|u) = O(G)⊗ L(λ) ∈ 〈D
b(U int)sing〉. ✷
Denote by N|u the restriction of the category N to u. We have the following partial result.
Theorem 6.11. If V ∈ U then V |u has an N|u-hull and an N|u-approximation, which is the
restriction of an N -null and an N -approximation of V . In particular, simple objects in the category
uint has N|u-approximations.
Proof. I prove it for N -hulls, for N -approximations is dual. Let K = K+(N ). Since N is dually
U-approximating we there is a t-structure on K with K≥0 consisting of complexes living in degrees
≥ 0 and such that the truncation τ≥0 : K → K≥0 is defined as the N -hull of the naive trunca-
tion functor in K (see Proposition 3.10 of [8]). It is left adjoint to the inclusion K≥0 →֒ K. Let
Kres = K+(N|u) and let K≥0res = Kres ∩K
≥0.
Pick a finitely generated projective presentation P−1 → P 0 → V → 0 of V . Then the complex
[P−1 → P 0] ∈ K. We define
τ≥0res(Res[P
−1 → P 0]) := Res τ≥0[P−1 → P 0]
Then for W ∈ K≥0res we get
Hom
K≥0res
(τ≥0res(Res[P
−1 → P 0]),W ) = Hom
K≥0res
(Res τ≥0[P−1 → P 0],W ) ∼=
Hom
K≥0res
(τ≥0[P−1 → P 0], IndW ) = HomK([P
−1 → P 0], IndW ) =
HomKres(Res[P
−1 → P 0],W )
(6.1)
We write τ≥0([P−1 → P 0]) = [N0 → N1 → · · · ]. The cone of the natural transformation
Id→ τ≥0 evaluated at [P−1 → P 0] gives the exact complex
P−1 // P 0 // N0 // N1 // · · ·
In particular this gives an injective map V = coker(P−1 → P 0) → N0. We claim that the
restricted map V |u → N0|u is an N|u-hull. To see this, take W = N |u a restricted tilting module
living in degree zero. Then we get from (6.1) that
Homuq (V |u, N |u) = HomKres(Res[P
−1 → P 0], N |u) =
HomKres([N
0|u → N
1|u → · · · ], N |u)
In particular, this shows that any map V |u → N |u factors trough our given map V |u)→ N0|u.
✷
It would be interesting to know if the categories N|u or Nu are contravariantly finite subcate-
gories of the category u, if the category NU is contravariantly finite subcategory of the category U
and if the tensor ideals 〈N〉 and 〈NU 〉 are the same.
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